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Swaption and caplet pricing w/ Black or Bachelier’s formula is trivial. So, why
should we care?
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Non-standard tenor cap and swaption pricing requires consistent and theoretically sound volatility
transformation from quoted standard-tenors to required non-standard tenors
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Notation, Normal Volatilities and Tenor Basis Modelling
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Volatility transformation methodologies are already discussed in the literature
and applied in the industry

» Classical approach for log-normal (ATM) volatilities based on Libor (or swap) rates

L6m

3m _ . ~6m
o _L3m o

» J. Kienitz, 2013
> ATM Volatility transformation for caplets and swaptions
» Translate between shifted log-normal and log-normal ATM volatilities to incorporate basis

» Capture smile by exogenously specifying smile dynamics, e.g. (displaced diffusion) SABR

We elaborate an alternative view generalizing available results:

» Focus on implied normal volatilities as they become market standard quotations

» Consistent basis spread model for swaptions, caps (and exotic derivatives)

» Explicitely capture ATM as well as smile by the volatility transformation
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Affine relation between underlying rates yields model-independent
transformation of implied normal volatilities

» Implied normal volatilities o¢(K) for an underlying S(T) with expectation S(t) and strike K may be expressed
by Bachelier’s formula as

+1 — _ . S(t)_K , S(t)—K . —
E[(S(T) — K)*] = [S(t) — K] N(JS(K) m>+N (US(K) m) os(KWT — ¢t

» Consider another underlying U(T) with affine relation U(T) = a - S(T) + b. Then

<S(T)_K—_b> ]: e
a
Ut) — K Ut) — K K—b
—[U@®) —K]-N N -aa( >T—t
<aas(f<—b) T_t> <ags(f<—b) T_t> 7

E[(U(T)—K)*]=a-E

a a

» This yields model-independent relation between implied volatilities

K—b
aU(K)za-0'5< )

a

} We derive affine relations between Libor and swap rates and apply above normal volatility transformation
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Tenor basis is modelled as deterministic spread on continuous compounded
forward rates

frT) :
[ Rttt Long tenor curve with forward rates LV (t; Ty, T,)
7 - u .
L emmmmmemmmmmmae frern) Short tenor curve with forward rates L¥(¢t; Ty, T,)
’ ACKD OIS discount curve with discount factor P(¢t,T)

/ Deterministic spread relation between forward rates

fr@&.T)=f(@T)+b"(T)
Maturity fHE,T)=f&T)+ b*(T)

Cont. Comp. Rates
XN
\

v

Deterministic Relation between forward Libor rates and OIS discount factors

Pt T T,

1+ T1,2 " Lv(t; Tl: TZ) = DV(Tl,TZ) . PEt Tli with DV(T1, TZ) — ele bV(s)ds
» 42

P, T1) T2 pu(s)ds

1+ 17, LAt Ty, T) = DH(Ty, T2) - with DH(Ty, T,) = eI

P(t,T,)

} We use the multiplicative terms DY and D* to describe tenor basis
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Term structure model w/ basis spreads provides benchmark for volatility
transformation methodology

» Set up Quasi-Gaussaian short rate model (4 factors, local/stochastic volatility, basis spreads)

» Compare implied normal volatilities for swaptions and caplets based on 3m and 6m Libor

10y x 10y swaption 5y expiry caplet
3m Libor swaption egm Libor swaption == == 6m shifted 3m Libor caplet  e=&m Libor caplet == == 6m shifted
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2 Z
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o s
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® T
£ 0.35% £ 0.35%
Q — Q -
< 0.30% < 030%
2 ko)
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,6m shifted’ smile represents 6m smile horizontally shifted by difference in 3m vs. 6m forward rates

} For a high-level view on volatility transformation just shift the smile by the difference in forwards
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However, a closer look reveals additional variances in volatilities for different
tenors

» Same Quasi-Gaussian model and swaption/caplet instruments as before
» Zoom in around ATM volatilities

3m Libor swaption = = 6m shifted 3m Libor caplet = == Bm shifted
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What are the reasons for the additional variances?

» 3m versus 6m tenor basis

» Differences in payment frequency for 3m and 6m Libor legs for swaptions
» Interest rate de-correlation for caplets

} We derive volatility transformation methodologies that capture basis, pay schedules and de-correlation
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Constant Basis Point Volatility Approach for Swaptions
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Forward swap rates are expressed in terms of OIS discount factors and tenor
basis spreads

» Consider forward swap rates based on short and long tenor Libor rates S# and SV with equal annuity
M —
An(T) = z 7 - P(T,T))
j=1

»  Applying deterministic basis model yields

P(T,Ty) — P(T, Ty) 1 NH
SU(T) = = s ) [DA(TE, T P T
v _ P(T' TO) - P(T' TM) 1 NY vy v v
SY(T) = = s ) DY T~ 1P T

» Thus S#* and SV are related by

1 NV NH
SY(T) —SH(T) = an(D)’ [Z_zl[DV(Ti"_l,Ti") —1JP(T, T;Zy) — Z,zl[D”(Tiliniﬂ) —1]P(T, T£,)

} Given our basis model, the swap rate spread is stochastic and depends on quotients P(T, Ti‘i/l") J/An(T)
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Terminal Swap Rate (TSR) models developed for CMS pricing provide the
ground for swap rate spread modelling

» Consider annuity mapping function expressed as linear terminal swap rate model

P(T,T,)
An(T)

P(t,T,)
An(t)

a(s,T,) = E | SH(T) = s| = a(T,)[s — S*(O)] +

» function a(Tp) is derived satisfying additivity and consistency condition with basis spreads

» for more details on CMS pricing subject to basis spreads, see e.g. S. Schlenkrich, 2015
> we may replace terms P(T,T,)/An(T) by a(T,)[S*(T) — S*()] + P(t,T,)/An(t)

» Applying TSR model to swap rate spread yields

NV NH
SV(T) — SK(T) = : 2.21[DV(T£’_1,T1.") —1]P(t, TY,) — 2121[1)#(@‘1111.“) —1]P(t, Ti‘il)]

1
An(t)

NV

H[SH(T) =S4 [Z

i=1

NH
[Dv(le—l'Tiv) - 1]a(TLV—1) - Z,_ [D”(Tililei”) - 1]a(Tllil)]

ALY

= 5¥(£) = SK(2) + [SH(T) — S(©)] - 2+

} Spread component A#Y captures tenor basis and differences in payment schedules
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Affine relation between swap rates yields implied normal volatility
transformation

» We have from basis model and Linear TSR model the affine relation
SV(T) = SH(T) + SV(t) — SH(t) + [SH(T) — SH(t)] - A~V
=[1+ A*%V]-SH(T) + [SV(t) — [1 + A#Y] - SH(b)]

» Combination with the general volatility transformation result yields

y V K—[S"(t) — [1+ A*7] - SE(¢)]
a(K):[1+)J"]-o”< ST >

» Moreover, for two swap rates S(T) and S(T) based on the same Libor tenor but with different annuities An(T)

and An(T) we may derive the following approximate relation

~ - An(t) ) ~ _
S(T) = =0 S(T) and thus 6(K) =

An(t) An(t)
an(t) (An(t) ‘K )

} Tenor basis and payment frequency have a slight effect on ATM and skew
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Swaption transformation methodology is confirmed by benchmark term
structure model

» Keep 3m curve fixed and mark 3m vs. 6m basis from Obp to 300bp
» Leave remaining parameters (in particular volatilities) unchanged
» Analyse resulting implied normal ATM volatilities
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Caplet Volatility Transformation
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Basis model yields relation between short and long tenor forward Libor rates

» Consider a long tenor period [T, T;,,] with forward Libor rate LV(t) = LV (t; Ty, T,)
» Decomposition into n short tenor periods [Ty, Ty ], ..., [Tn—1, T, ] With forward Libor rates L} (¢) = L} (¢; Ti—1, T;)

» Deterministic spread model yields

L4 1Y) = DY (T T, - DL To)
0 p(t, Ty,
P(t, T;_1)
U qu _ vli-1) .,
1+ - L (t) = DH¥(T;—1,T) 'W,l =1,..,n

» Fundamental relation between forward Libor rates

n
1+ 7V LY(t) = DAY - l_L_l[1 R HO)

with

DKV =

DTyl {

Th
n DE(Ti_4,Ty) j [bv(s)—b”(s)]ds}
=1 -1 41

To
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First order approximation of Libor rate dynamics...

» Use vector notation L#(t) = [L‘i‘(t)]izlmn and define C(LH(t)) = [T, [1 + =/ - L (©)]

» Long tenor Libor returns become

wv

D
- [CUH(T) = U]

LV(T) =LV (t) =

ITRY

Q

Ve @) - [LH(T) = LA (D]

TV
» The elements of the gradient VC(L*(t)) are

. ?:1[1+T;L-Li(t)]

ve(L* = |~ )
(LA (D)) [ 1+ T](l : l#(t) j=1,..n

R FEAIAI05) ‘
v, won
DY [1+r]. L (t)] o

» This yields the relation between Libor rates as

, U i Tf [14+ VLY (t)]
LV(T) — L' (t) = Zi:l LV T Fol [L{(T) - L (©)]

Vi
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(Co-)Variance approximation yields relation for ATM volatilities

»  From LV(T) — LV (¢) = Y, v [ L (T) — L (t)] follows
n
Var[LY(T) — L' ()] = Z v; - ;- Cov[L’i‘ (T) — (o), () — Lj.‘(t)]
i,j=1
with v; = (Tl” 1+ TVLv(t)])/(TV . [1 + Tf‘ . Ll-(t)])
» Approximate variances by implied normal ATM volatilities and correlations as
Var[L'(T) — L (t)] = [¢” (L (t)]?

COv[L‘i‘(T) — L (), LY (T) - Lj.‘(t)] ~pt, - ot (L‘i‘(t)) gt (Lﬁ.‘(t))

» This yields ATM volatility transformation formula

LGOI WIE R R A CIORACIO)

’ =1

» ATM transformation formula has the same general structure as elaborated in J. Kienitz, 2013 for log-vols.

T{-’L-[l +TVLV(t)]

However, v; = 1+t L(0)]

differ and already capture tenor basis
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Derive smile transformation from boundary argument

» Consider special case that
LH(t) = L{(t) = - = Ly(t) forall t and thus p;; = 1
» Then
n p— —
rm-ro=) " vl mm-re
i=1
and we get the affine relation

LV(T) = (z;vi) LA (T) + [LV(t) - (Z;vi) Z“(t)]

» This yields the implied volatility smile transformation (for that special case)

vy (ST ) (K= @) = G v) L (0]
70 = (Zi=1vi) 0M< (2?:1 vi) >
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Combine structure of ATM and (boundary case) smile transformation

» ATM volatility transformation

WO =Y vy ol ol (L0) - of (L)

i,j=1
» Smile transformation for L#(t) = L{(¢t) = - = L}, ()
vy = (ST ) g (K0 — Gy vi)f“(t)]>
o'(K) = (Zizlvl) a”( (Z?=1vi)

»  ATM and skew condition represent neccessary conditions for volatility transformation.

» We propose the general transformation that complies with ATM and smile condition:

y n . K—[L"®) - Bk v)L{ ()]
[0V (K)]? = Zij=1 v; - v; - ng - of (K) - a;‘(Kj) with K; = (Z}lei)l
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Caplet volatility transformation methodology yields good match with term
structure model benchmark

» Mark several scenarios for model correlation in Quasi-Gaussian model
» Leave remaining parameters unchanged

» Analyse model-implied normal ATM volatilities versus model-implied correlations (both
evaluated by Monte-Carlo simulation)

0.390%
> 0.385%
T 0.380%
2
E 0.375% == 3m Libor (5y exp.)
é 0.370% 3m Libor (5y3m exp.)
E 0.365% — G Libor (5y exp.)
=3 e = 6m from 3m
= 0.360%
0.355%

85% 87% 89% 91% 93% 95% 97% 99%
model-implied correlation
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Estimating Forward Rate Correlation
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Consider volatility transformation for caplets as (an invertable) mapping from
short tenor volatilities and correlations to long tenor volatilities

» Caplet volatility transformation for ATM and smile may be written as
Y: (¥, pt) = gV

» For two long tenor volatilities oVt and o2 with u < v; < v, we also have

ohl o1y _ [wi(a* p)
[p“] ” [avZ] VRGNS

Consequences (provided reasonable regularisation for p#)

» If ATM short and long tenor volatilities o* and ¢V are available then we can imply correlations p*

» If ATM long tenor volatilities ¢Vt and V2 are available then we can imply short tenor volatility ¢ and

correlation p#

} Once correlations are derived we can apply caplet volatility transformation for the whole smile
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As a starting point transform 1y ATM swaption volatilities to 12m Euribor
caplet volatilities

» 1y EUR swaption volatility: 3m Euribor (Act/360) versus semi-annual fixed (30/360)
» Use swaption transformation methodology to convert 3m Euribor to 12m Euribor ATM vols

» Use annuity transformation to convert semi-annual, 30/360 to annual Act/360 payments

» Transformed volatility is equivalent to 12m Euribor ATM caplet volatility

— Swaption (3m) = = =12m Caplet
80

870

60

N WD O
O o o o

normal volatility

RN
(@]

0 5 10 15 20
time to exercise (years)
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Use 6m and 12m caplet volatilities and sukzessively derive further ATM
volatilities and correlations

12m
a'# (inputy
N -7 -
! 1) p6m ,
6m .
g® (inputy |~
, 2)
\ -O'gm,pgm’ ,'
3m
g 3)
\ O_lm plm

- -

1m

} Procedure yields consistent setting of volatilities and correlations for all relevant tenors
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We use a classical correlation parametrisation

»  Correlation structure depending on Libor rate start dates T; and T;

Pij = Poo(TD) + [1 = po (T exp{=B(T)(T; = 1)}, Ty > T,
» For 3m and 6m correlations mark p,(T;) = 0 and only fit B(T;)
» For 1m correlation include p., (T;) in calibration to improve fit

Correlation rho_i,i+1 for adjecent forward rates

1.00
c 0.95

2090 —mM8Mm——

—1m

correlation 08 -
S 0.80 —3m

® 0.75 6m
® 0.70
=065
results 2 0.60
2 0.55
0.50

calibration

0 5 10 15 20
time to exercise (years)
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Example calibration of 1m volatilities to (already) available 3m, 6m, and 12m
volatilities

— 1m Caplet — 3M Caplet — 6M Caplet 12m Caplet
— —3m Cpl (transf.) = = =6m Cpl (transf.) ===-- 12m Cpl (transf.)

90

0 2 4 6 8 10 12 14 16 18 20
time to exercise (years)
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Implementation in QuantLib
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Use decorator design pattern to implement volatility transformation

SwaptionVS

SmileSection

A

A

TenorSwaptionVS

TenorSwaption-

»

»

»

»

Smile?ection

Store short/long tenor
index

Reference to base
volatility

Reference to discount
curve

Create TenorSwapttion-
SmileSection and pass
on volatility evaluation

» Set up TSR model
» Derive AWV
» Implement volatility

transformation

OptionletVS

A

TenorOptionlet-
SmileSection

TenorOptionletVS

» Set up short tenor smile
sections

» Calculate v;

» Implement volatility

transformation

»

»

»

»

Store short/long tenor
index

Reference to base
volatility

Reference to discount
curve

Create TenorOptionlet-
SmileSection and pass
on volatility evaluation
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Summary and Conclusion
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Summary and Conclusion

»  Shifting normal volatilities by difference in forward rates provides a reasonable approach for volatility
transformation

» If more accuracy is desired we elaborated an approach for ATM and smile capturing
» Tenor basis
» Payment frequency and day count conventions for swaptions
» De-correlation for caplets

» Combining swaption and caplet volatility transformation allows full specification of correlations and volatilities
of non-standard tenors

» More details may be found in the literature

» J. Kienitz. Transforming Volatility - Multi Curve Cap and Swaption Volatilities. 2013,
http://ssrn.com/abstract=2204702

» M. Henrard. Swaption pricing. Open Gamma Quantitative Research, 2011.

» S. Schlenkrich, I. Ursachi. Multi-Curve Pricing of Non-Standard Tenor Vanilla Options. 2015.
http://ssrn.com/abstract=2695011

> S. Schlenkrich. Multi-curve convexity. 2015. http://ssrn.com/abstract=2667405
» S. Schlenkrich, A. Miemiec. Choosing the Right Spread. Wilmott, 2015.
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